A Warfield group is a direct summand of a simply presented abelian group. In this paper, we describe the Pontrjagin dual groups of Warfield groups, both for the p-local and the general case. A variety of characterizations of these dual groups is obtained. In addition, numerical invariants are given that distinguish between two such groups which are not topologically isomorphic.
Introduction.
All considered groups in this paper will be abelian groups. By a p-local group we mean a module over Z p , the ring of integers localized at the prime p. Recall that an abelian group is said to be simply presented provided it can be defined in terms of generators and relations in such a way that all of the relations are of the form mx = 0 or mx = y. For instance, totally projective p-groups and completely decomposable torsion-free groups are simply presented. Warfield groups are direct summands of simply presented groups, in the p-local case they are also called Warfield modules. Warfield [W] established some characterizations of Warfield modules and gave a complete set of isomorphism invariants. Using an alternate definition, Hunter, Richman and Walker [HRW1] , [HRW2] , [HRi] proved existence theorems for p-local and global Warfield groups and were able to classify global Warfield groups. Moore [M] described Warfield modules in terms of quasi-sequentially nice submodules. Introducing the concept of a knice submodule, Hill and Megibben [HM1] characterized Warfield modules using the third axiom of countability. In [HM3] , they proved a variety of characterizations of Warfield groups using Axiom 3 and the global definitions of nice and knice subgroups. Some more characterizations of Warfield groups are contained in [L1] .
In [F] , the following question was formulated as Problem 65: Which are the compact abelian groups whose duals are totally projective p-groups? Kiefer [K] described those groups dualizing the various characterizations of totally projective p-groups. Since Warfield groups are generalizations of totally projective p-groups, it seems to be a natural question to ask for the structure of the duals of Warfield groups. The aim of this paper is, both for the p-local and the general case, to dualize the concepts which are used to characterize Warfield groups, and to construct isomorphism invariants for the dual groups. After providing the necessary tools for dualization, we obtain various characterizations of the duals of Warfield modules (Theorem 2.15). In Proposition 2.16 we classify those compact Z p -modules in terms of numerical invariants. The corresponding characterizations of the duals of (global) Warfield groups are obtained in a similar manner as in the plocal case (Theorem 3.10) . Using the dual tensor product we establish a classification theorem for the duals of global Warfield groups (Theorem 3.12).
Throughout this paper, all groups will be locally compact abelian groups. G will denote the character group of the locally compact abelian group G, and the annihilator of the subset S of G inĜ will be denoted by (Ĝ, S) . We let G 0 denote the identity component of G and tG the torsion part of G. If H is a closed subgroup of G and n is a positive integer, then we let n −1 H = {x ∈ G : nx ∈ H}. For the fundamental results concerning abelian groups and Pontrjagin duality, we may refer to the books [F] and [HR] . Mostly, we will follow the terminology used in [F] , [HM1] and [HM3] . From now on, let G denote a discrete group and C a compact group.
Preliminaries.
Let p be a prime. For each ordinal α, a closed subgroup C[p α ] of C is defined: 
and obtain therefore
for all ordinals α.
Observe that G is a Z p -module exactly ifĜ is a Z p -module because multiplication by a prime q is an automorphism of G if and only if multiplication by q is an automorphism ofĜ. Therefore the duals of Warfield modules must be found within the class of compact Z p -modules. The dual group of Z p is the a-adic solenoid Σ a where a is the subsequence of (2, 3, 4, . . . ) such that each a i is relatively prime to p. This solenoid is denoted by Σ p . For any compact groups C and D, the dual tensor product of C and D is defined to be the group C ⊗ d D consisting of all elements (x δ,η ) ∈ (δ,η)∈Ĉ×D R/Z such that
for all δ, δ 1 , δ 2 ∈Ĉ and η, η 1 , η 2 ∈D.
It follows that the dual of C ⊗ d D is isomorphic toĈ ⊗D (see [L2] , Proposition 1.2). Hence the dual of the p-localization G p = G ⊗ Z p may be identified with the groupĜ (p) =Ĝ ⊗ d Σ p which we call the (p)-localization ofĜ.
Suppose that G is a module over the ring R. Then we say that G is of simple isomorphism type provided every nonzero submodule of G is isomorphic to G. A smooth chain
of submodules is called a composition series for G if every quotient N α+1 /N α is of simple isomorphism type. In this paper, we use the term "composition series" for a p-local group (R = Z p ) and for an arbitrary group (R = Z).
Local Case.
Throughout this section, G will denote a discrete and C a compact module, and all modules are assumed to be Z p -modules for a fixed prime p. If S is a subset of a module, then S will denote the submodule generated by S. Recall that a height sequence is a sequence α = {α i } i<ω where every α i is an ordinal or the symbol ∞ and α i < α i+1 for all i < ω, where it is understood that
where α is the height sequence of x. A direct sum of a family of independent submodules A i of G is said to be a valuated coproduct in
) for every height sequence α. A decomposition basis for G is a set X = {x i } i∈I of elements of G such that each x i has infinite order, X = i∈I x i is a valuated coproduct, and G/ X is torsion.
Recall that a submodule N of G is a nice submodule provided p α (G/N ) = (p α G+N)/N for all ordinals α. The module G satisfies Axiom 3 with respect to nice submodules if G has a system C of nice submodules such that (i) 0 ∈ C;
(ii)
(iii) given any N ∈ C and a countable subset Recall that the Ulm invariants of G are defined to be
and
where β are ordinals. We follow the construction of Warfield invariants as described in [HRi] . Let A and B be submodules of G where
where the dimension is over the field Z/pZ (if
The cokernel of the induced map φ : 
, that is, the closed subgroup of C generated by the set {x ∈ C : there is an
* to be the set of all elements contained in C α + i∈I p i (C[p αi+1 ]) for every infinite subset I of ω, and otherwise we let C α * = C α + C 0 , where C 0 is the identity component of C.
is the subgroup generated by all groups
where I is an infinite subset of ω. Therefore (Ĝ, G(α * )) is the intersection of all subgroups of the form
where I is an infinite subset of ω, hence we obtain
Let α be a height sequence and suppose that B is a submodule of C. Then we let B [α,C] C] to be the set of all elements contained in B [α,C] + i∈I p i (C[p αi+1 ]) for every infinite subset I of ω, and otherwise we let
Lemma 2.4. Let A be a submodule of G and α a height sequence. Then
.
where I is an infinite subset of ω, and it follows that
Kiefer [K] introduced the definition of a smart subgroup of a compact (p)-group which we extend to compact Z p -modules:
Proposition 2.5. A subgroup N of G is a nice submodule if and only if
Proof. See [K] .
Definition 2.6. A module C is called a simply given Σ p -group if there are disjoint sets J and K with I = J ∪ K = ∅, and a map f :
Proposition 2.7. G is a simply presented module if and only ifĜ is a simply given
Proof. Note that in a simply presented module, a set X of generators can be chosen such that px ∈ X whenever x ∈ X and px = 0 (see [W] , Lemma 2.1). Now use the same argument as in [K] , p. 304.
Definition 2.8. A module C is said to have a quasi-decomposition if there is a short exact sequence
If in addition K is both a smart submodule of C and a simply given Σ p -group, then we say that C has a simply given quasi-decomposition.
Proposition 2.9. A module G has a decomposition basis if and only ifĜ has a quasi-decomposition. Moreover, G has a nice decomposition basis X with simply presented quotient G/ X if and only ifĜ has a simply given quasi-decomposition.

Proof. Suppose that G has a decomposition basis
for each ordinal α, as desired. Moreover, if X is nice in G and G/ X is simply presented, then K is smart and simply given by Propositions 2.5 and 2.7.
Conversely, suppose that we have an exact sequence 0
For every j ∈ I we have G j = Σ p , so its dual group is Z p , and we write ϕ * ((G j )ˆ) = x j . Using similar arguments as before we conclude that X = {x j } j∈I is a decomposition basis for G. Further, if K is both a smart submodule and a simply given
is nice in G by Proposition 2.5 and G/ X ∼ =K is simply given. This completes the proof.
The next definition is the dual analogue to knice submodules. Definition 2.10. A smart submodule F of C is called a k-smart submodule of C provided the following condition is satisfied: If C is an extension of a closed subgroup D by a torus T n (n < ω), then there is an r < ω and an exact sequence
(ii) for every height sequence α = {α i } i<ω and every j ≥ 2, C α
infinitely many values of i;
(iii) for every height sequence α we have
Proposition 2.11. A subgroup N of G is a knice submodule if and only if
Proof. By Proposition 2.5, N is a nice submodule of G if and only if (Ĝ, N ) is a smart submodule ofĜ. Now suppose that N is knice in G and let D be a closed subgroup ofĜ such thatĜ/D = T n for some n < ω. Then D is the annihilator of some subgroup A of G. SinceÂ is topologically isomorphic tô G/(Ĝ, A), we conclude that A is a finitely generated subgroup of G. By the definition of kniceness, there are primitive elements y 2 , . . . , y m ∈ G and an
, so it remains to show (ii) and (iii) in Definition 2.10. Note that an element x ∈ G is primitive exactly if it has infinite order and for each height sequence
for infinitely many values of i, hence condition (ii) in 2.10 is satisfied. Since N j is a * -valuated coproduct we can use similar arguments as before and conclude that
Conversely, suppose that (Ĝ, N ) is a k-smart submodule ofĜ. We let S be a finite subset of G and write the subgroup generated by S as Z ⊕ H where Z = Z n for some n < ω and H is a finite p-group. We let D = (Ĝ, Z) and may identifyĜ/D with T n , so there is an r < ω and an exact sequence
and corresponding dual diagramŝ
We can write ϕ
Hence we may write N j = y j for all j ≥ 2. To show that each element y j is primitive, let α = {α i } i<ω be a height sequence and assume that y j ∈ G(α * ). Then we get
so by condition (ii) in 2.10 we have The third axiom of countability yields dually a condition in terms of metrizability which motivated us to call it Axiom M. Definition 2.12. Let C be a module. Then C satisfies Axiom M with respect to smart (k-smart) submodules if C has a system F of smart (k-smart) submodules such that (i) C ∈ F;
(ii) F is closed under taking arbitrary intersections;
(iii) given any F ∈ F and a closed submodule
Next we dualize the concept of a quasi-sequentially nice submodule. Note that a nice submodule N is quasi-sequentially nice in G if and only if for every infinite cyclic subgroup A of G there exists a k < ω such that
for every height sequence α.
Definition 2.13. Let F be a smart submodule of C. Then we call F * -smart in C if the following condition holds: Whenever C is an extension of a closed subgroup D by the circle group T, there exists a k < ω such that
for all height sequences α. Proof. Again, N is nice exactly if (Ĝ, N ) is smart. Now let α be a height sequence and ρ : (G/N )ˆ→ (Ĝ, N ) the topological isomorphism induced by the natural map G → G/N . Suppose that N is quasi-sequentially nice and assume that D is a closed subgroup ofĜ such thatĜ/D is topologically isomorphic to the circle group T. Then we may write D = (Ĝ, A) for some subgroup A of G which is isomorphic to Z. By our assumption, there is a
The converse can be shown using similar arguments.
We call a short exact sequence
of compact modules sequentially cobalanced if for every height sequence α the induced sequence
of closed submodules of C is called a descending composition series for C if F α = β<α F β whenever α is a limit ordinal and if each quotient F α /F α+1 is either cyclic of order p or topologically isomorphic to Σ p . Now we are ready to formulate the dual analogue of the various characterizations of Warfield modules.
Theorem 2.15. The following conditions are equivalent for a compact Z pmodule C: (i) C is the dual group of a Warfield module;
(ii) C is a direct factor of a simply given Σ p -group; Proof. We show that each statement is equivalent to (i) by dualizing the various characterizations given in Theorem 2.1.
(ii) is equivalent to (i) because of Proposition 2.7. (iii). A short exact sequence of compact modules is sequentially cobalanced exactly if the induced dual sequence is sequentially pure.
(iv). By Proposition 2.9, C has a simply given quasi-decomposition if and only ifĈ has a nice decomposition basis with simply presented cokernel.
(v) and (vi). Axiom M is the dualized version of Axiom 3, and the annihilators of smart (k-smart) submodules of C inĈ are exactly the nice (knice) submodules ofĈ by Propositions 2.5 and 2.11.
To prove that the statements (vii)-(x) are equivalent to (i), note that {F α } α<λ is a descending composition series for C exactly if {(Ĉ, F α )} α<λ is a composition series forĈ. Observe that F α /F α+1 is infinite if and only if (Ĉ, F α+1 )/(Ĉ, F α ) is infinite. Now C contains a closed submodule D α as in statement (viii) exactly if D α is the annihilator of a cyclic submodule x α ofĈ in C such that (Ĉ, F α+1 ) = (Ĉ, F α ) ⊕ x α is a valuated coproduct in C. This completes the proof. Now let β be an ordinal and α a height sequence. We definê
Note thatf C (β) = fĈ(β) andf C (∞) = fĈ(∞). It follows from Lemma 2.3 that the dual of C α * /C α is isomorphic toĈ(α)/Ĉ(α * ) which is a vector space over Z/pZ or Q. By duality, the quotient C α * /C α is either connected and can be identified with a product k Z/pZ, or totally disconnected and can be written as kQ . In either case we defineŵ C (α) to be k. In view of Warfield's Classification Theorem 2.2 we obtain 
Global Case.
From now on, G will be a discrete and C a compact group. For any subset S of a group, S will denote the subgroup generated by S. Recall that the height matrix of an element x ∈ G is the doubly infinite P × ω matrix x having the p-height |p i x| p as its (p, i) entry. Occasionally, we write x G to emphasize that the height matrix is computed in the group G. 
is defined to be the torsion part of G(M ). For each prime p and each height sequence
The global definition of a primitive element is the following: an element x ∈ G is called primitive if, for each positive integer We call a nice subgroup N quasi-sequentially nice if for every x ∈ G there is a positive integer n and a z ∈ N such that nx
Note that as in the p-local case, knice subgroups are quasi-sequentially nice.
Recall that a short exact sequence 0 
(ix) G has a composition series of knice subgroups satisfying the conditions in (viii); (x) G has a composition series consisting of knice subgroups.
In [HRi] the global Warfield invariants are defined in terms of types which are the equivalence classes of mutually quasi-homomorphic cyclic valuated groups. All torsion cyclics have the same type τ 0 . A partial order on the set of all types is induced and it follows that τ ≤ τ 0 for all types τ . The type of an element x ∈ G is defined to be the type of x . This gives rise to the definition of the type subgroups
For each type τ , prime p, and height sequence α,
In the last part of this section we will determine isomorphism invariants for the duals of Warfield groups. Instead of dealing with groups G(τ ) and G(τ * ) it is more convenient to consider the groups G [M ] and G [M * ]. For each quasi-equivalence class M of height matrices, prime p and height sequence α, let w G (M, p, α) be the α-th Warfield invariant of G [M ] 
We formulate the classification theorem of global Warfield groups in the following form: (M, p, α) .
Theorem 3.2 ([HRi]). Suppose that G and H are Warfield groups. Then G is isomorphic to H if and only if for all quasi-equivalence classes M of height matrices, primes p, ordinals β, and height sequences α we have
be the closed subgroup generated by C M and x ∈ C : there is a positive integer n such that x is
. If α i = ∞ for all i, then we let C α * ,p be the set of all elements contained in C α,p + i∈I p i (C[p αi+1 ]) for every infinite subset I of ω, and otherwise we put 
Proof. The proof is very similar to the proof of Lemma 2.3.
In view of the global definition of a nice subgroup we call a closed subgroup F of C a smart subgroup of C if the factor group
is p-divisible for all ordinals α and all primes p. 
This completes the proof. (ii) for each prime p, J p and K p are disjoint subsets of I;
(iii) the sets J p are pairwise disjoint;
such that C is the subgroup of i∈I R/Z consisting of all elements (x i ) i∈I with
for all primes p.
Definition 3.6. We say that C has a quasi-decomposition if there is a short exact sequence
If in addition K is both a smart subgroup of C and simply given, then C is said to have a simply given quasi-decomposition.
Now we state the global definition of a k-smart subgroup. 
(ii) for every positive integer n, (K j 
Proof. The assertion follows from the proof of Proposition 2.11, combined with Lemma 3.3.
It is clear how to formulate the global version of Axiom M: A group C satisfies Axiom M with respect to smart (k-smart) subgroups if C has a system F of smart (k-smart) subgroups satisfying the corresponding conditions in Definition 2.12. A smart subgroup F of C is called * -smart in C if the following condition holds: Whenever C is an extension of a closed subgroup D by the circle group T, there exists a positive integer n such that
for every height matrix M . We call a short exact sequence
of compact groups sequentially cobalanced if for every height matrix M the induced sequence
is exact. Finally, we need the global definition of a descending composition series: A descending chain Proof. We use the dualized concepts of the characterizations given in Theorem 3.1 to show that each statement is equivalent to (i).
(ii) is equivalent to (i) because C is a direct factor of a simply given group if and only ifĈ is a direct summand of a simply presented group.
(iii). Again, a short exact sequence is sequentially cobalanced exactly if the induced dual sequence is sequentially pure.
(iv). As in the p-local case we conclude that C has a simply given quasidecomposition if and only ifĈ has a nice decomposition basis X with simply presented quotientĜ/ X .
(v) and (vi) follow from the duality between Axiom 3 and Axiom M, and Propositions 3.4 and 3.8.
(vii)-(x). A compact group has a descending composition series if and only if its dual has a composition series. Further, a closed subgroup of C is * -smart exactly if its annihilator inĈ is quasi-sequentially nice by Proposition 3.9. The statement (viii) is equivalent to (i) because of the global definition of a valuated coproduct and the argument used in the proof of Theorem 2.15.
For every height matrix M = [m p,i ] (p,i)∈P×ω we let
that is, the identity component of the closed subgroup generated by {x ∈ C : there is a pair (p, i) ∈ P × ω such that x is p i -divisible and o p (p −i x) ≤ m p,i }. We define C [M * ] to be the closed subgroup generated by C [M ] and x ∈ C 0 : There is a positive integer n such that x is p i -divisible and o p (p −i x) ≤ m p,i+|n|p + 1 for all (p, i) ∈ P × ω with m p,i+|n|p = ∞ .
Lemma 3.11. Let M be a height matrix. Then (Ĝ, G [M ] ) =Ĝ [M ] and
Proof. Let M = [m p,i Let p be a prime and α a height sequence. Further, let M be a quasiequivalence class of height matrices and pick any M ∈ M. Recall that the (p)-localization of C is the Z p -module C (p) = C ⊗ d Σ p . By [L2] , Proposition 2.3, (p)-localization preserves exactness of short exact sequences, so if N is a closed subgroup of C, then we may view N (p) as a subgroup of C (p) . In order to determine the dual Warfield invariants we define for every n < ω the groups X(C, M, p n α) = (C [M] ) (p)[p n α * ,C (p) ]
(C [M ] ) (p)[p n α,C (p) ]
Then we obtain sequences Hence we get inverse limits Z C [M ] (p) (α) and Z C [M * ](p) (α). We will show in the next proof that a canonical map
X(C, M, α) ←− X(C, M, pα) ←− X(C, M, p
is obtained whose kernel is denoted by K. Further, it will turn out that if α i = ∞ for all i, then we can write K = k Z/pZ and otherwise we may identify K with a product of the form kQ . In either case we definê w C (M, p, α) to be k. Now we are ready to formulate the dual version of Theorem 3.2. (M, p, α) .
